REGULARITY OF SOLUTIONS TO DEGENERATE p-LAPLACIAN 

EQUATIONS 

DAVID CRUZ-URIBE, SFO, KABE MOEN, AND VIRGINIA NAIBO 

Q_j Abstract. We prove regularity results for solutions of the equation 

div {{AX u,Xu)'^ AX u) =0, 

1 < p < oo, where X = {Xi , . . . , X,n) is a family of vector fields satisfying Hormander's 
ellipticity condition, A is an m x m symmetric matrix that satisfies degenerate ellipticity 
conditions. If the degeneracy is of the form 

xw{xr/p\e < {A{x)to < f^w{xr^p\e, 

w G Ap, then we show that solutions are locally Holder continuous. If the degeneracy is 
of the form 

k{x)^\e <{A{x)£,,S,)<k{x)i\e, 
k e Api n where r depends on the homogeneous dimension, then the solutions are 
continuous almost everywhere, and we give examples to show that this is the best result 
possible. We give an application to maps of finite distortion. 



1. Introduction AND MAIN RESULTS 

In this paper we consider the regularity of solutions of degenerate quasilinear elliptic 
equations that generalize the p-Laplacian 

(1.1) Ap M = div(| Vm|p~Vm) = 0, 
and the degenerate linear elliptic equations of the form 

(1.2) Lm = div(AVM) = 0, 

where A is an n x n real symmetric matrix that satisfies the ellipticity condition 

(1.3) Xw{xm^ < {A{x)^,0 < Aw{xm', 
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with w in the Muckenhoupt class A2. In the simplest case we prove the following re- 
sults. Throughout this paper, f2 will denote an open, connected subset of W\ For precise 
definitions of the weight classes Ap and RHt, see Section 2 below. 

Theorem A. Given Q and p, 1 < p < 00, let A be an n x n real-symmetric matrix of 
measurable functions defined in Q such that for every ^ G and x & Q, 

(1.4) A^(x)2/^|er < {A{x)^,0 < Aw{xf/^\^\', 
where w E Ap and < A < A < 00. Then every solution u of the equation 

(1.5) Cpu{x) = div {{A{x)Vu{x), Vu(x))'^A(x)Vm(x)) = 
is Holder continuous on compact subsets of Q. 

Theorem B. Given Q and p, 1 < p < 00, let A be an n x n real-symmetric matrix of 
measurable functions defined in Q such that for every ^ G M" and x E Q, 

(1.6) k{x)l^\^\' < {A{x)^,0 < k{x)l\^\', 

where k G Ap' fl RHn- Then every solution u of (1.5) is continuous almost everywhere in 
Q. 

Continuity almost everywhere is the best result possible with these hypotheses. To illus- 
trate this, consider the following example adapted from [6]. Let p = 2, let be the unit 
ball in and fix g > 2. Define k{x, y) = Then k e AiH RH2. Define the matrix 

A by 

^^^^ - k{x) J ' 
then A satisfies the ellipticity condition (5.1). The function 

u(x,y) = — — expflxl^^"^ ) sin(?//g') 

\x\ 

is a (formal) solution of (1.5) but it is discontinuous on the y-axis. As we will see below in 
Section 4, our results actually give us precise control on the set of discontinuities of u. 

To put these theorems in context, we describe some known results. It is well-known that 
solutions to the p-Laplacian (1.1) are in Cj^^ for some a, < a < 1 (see [9, 24, 33]). 
Fabes, Kenig and Serapioni [10] showed that given (1.3), the solutions of (1.2) are Holder 
continuous. Modica [29], working in the setting of variational integrals, extended their 
results to non-linear equations and proved a version of Theorem A. 

In the more general case when the matrix A satisfies the two-weight ellipticity condition 

w{xm'<{A{x)^,o<vi^m^ 
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where w{x) < v{x) are non-negative measurable functions, then in general solutions 
of (1.2) will not be regular. However, Chanillo and Wheeden [6] proved that if t>, w are 
doubling, w E A2, and there exists q > 2 such that given two balls B{xi, ri) C B{x2, r2), 

(17) n rv{B{x^,n)) \ ^ ^ rw{B{x,,n)) \ ^ 

rs \v{B{x2,r2)) ) ~ \w{B{x2,r2)) J 

then solutions of (1.2) satisfy a Hamack inequality. As a consequence, they showed that if 
we define 

fv{B{x^Y' 
^^""'"■^ yw{B{x,r))J ' 

then the solution is continuous provided that 

fi{x,r) = o(loglog(r~^)) 

as r — 7- 0. Ferrari [11] extended these results to non-negative solutions of the degenerate 
p-Laplacian (1.5) when the matrix A satisfies 

w{xf/^\^\' < {A{x)^,0 <v{xf/^\^\' 

assuming v, w are doubling, w G Ap, q > p and (1 .7) holds with the exponent 1/2 replaced 
by 1/p. 

Using the results of Chanillo and Wheeden, Theorem B in the case p = 2 was recently 
proved by the first author, di Gironimo and Sbordone [7]. Degenerate elliptic equations of 
this type arise in the study of maps of finite distortion in the plane: see, for example, [1]. 

We will actually prove our results in the more general setting of C°° vector fields. This 
introduces a different kind of degeneracy: while the matrix A can be thought of as making 
the measure degenerate, the vector fields introduces degeneracies into the geometry. Let 
Xi, . . . , Xm be a family of C°° vector fields on M" that satisfy Hormander's hypoellipticity 
condition. Define the operators Xu = (Xiu, . . . , Xmu) and 

m 

divx V = ^y^^X-Vj, 

i=i 

where v = {vi, . . . ,Vrn)- Then the operators above have natural generalizations to Carnot- 
Caratheodory spaces, and in particular to Camot groups. Capogna, Danielli and Garo- 
falo [4] showed that solutions of 

diYxi\Xu\P-^Xu) = 
are Holder continuous. Lu [27] proved the regularity of solutions of 

divx (AXu) = 
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where A is an m x m real-symmetric matrix that satisfies (1.3) for w G A2. Franchi, Lu and 
Wheeden [12, 13] extended the results of Chanillo and Wheeden [6] to this more general 
setting. And Ferrari [11] in turn extended these results to the solutions of the equation 

diYx{{AXu,Xu)'^AXu) = 0. 

The main results of this paper extend Theorems A and B to the setting of Camot- 
Caratheodory spaces. Theorem 4.1 generalizes Theorem A, and Theorems 4.4 and 4.5 
generalize Theorem B. Since the statement of all of these results requires some additional 
definitions, we defer their precise statement until below. 

Our results are applicable to mappings of finite distortion. A function / : — > with 
/ G Wl^^{Q, M") and locally integrable Jacobian is a mapping of finite distortion if there 
is a function K > 1 finite a.e. such that 

\Df{x)r<K{x)Jf{x), 

where \Df{x)\ = supi^^i^^ \Df{x)h\ is the operator norm and J/(x) = det Df{x). These 
mappings have been extensively studied: see Astala, Iwaniec, and Martin [1, Chapter 20] 
for mappings in the plane and Iwaniec and Martin [20, Chapters 6 and 7] for results in 
higher dimensions. The regularity of such mappings has been extensively studied. Map- 
pings of finite distortion satisfy an equation of the form (1.5) with the degeneracy con- 
trolled by the distortion function. As an application of our results we show that with 
assumptions on the distortion, mappings of finite distortion are continuous almost every- 
where. This complements work of Manfredi [28]. 

The remainder of this paper is organized as follows. In Section 2 we gather some pre- 
liminary results. In §2.1 we recall the definition and basic properties of Hormander vector 
fields, including Camot groups as a particular case; in §2.2 we discuss the theory of Muck- 
enhoupt weights in the context of spaces of homogeneous type. In Section 3 we give the 
machinery we need to work with the equations we are interested in. In §3.1- 3.3 we define 
precisely the solution to CpU = 0. We follow the definition given in [11]; for the conve- 
nience of the reader we provide full details. In §3.4 we give the Harnack inequalities we use 
in our main proofs. In Section 4 we prove Theorems 4. 1, 4.4 and 4.5. In Section 5 we show 
that Theorem B is sharp: we construct an operator Cp and a solution u of CpU = that is 
discontinuous on a set of measure zero. Finally, in Section 6 we give our applications to 
the theory of mappings of finite distortion. 

Throughout this paper, C, c, etc. will denote a constant whose values may change from 
line to line. Generally, it will depend on the value of p, the dimension of the vector field 
and the characteristics of the weight, but not on the specific function. 

Acknowledgement. The authors completed this collaboration while at the American 
Institute of Mathematics. They would like to thank AIM for the hospitality and support. 
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2.1. Hormander vector fields. Let X = {Xi, . . . , Xm) be a family of infinitely differen- 
tiable vector fields defined in W and with values in M". We identify each Xj with the first 
order differential operator acting on Lipschitz functions given by 

Xjf{x)=X,{x)-Vf{x), J = !,■■■ ,m. 

We define Xf = {XJ, X^f, ■ ■ ■ , X^f) and set 

(m 

Suppose that X satisfies Hormander's condition in M": that is, there exists / G N such 
that the family of commutators of vector fields in X up to length / span M" at every point in 
W^. Let Cx be the family of absolutely continuous curves C, : [a, 6] — M", a < fe, such that 
there exist measurable functions Cj(t), a < t < 6, j = 1, ■ ■ ■ , m, satisfying Xlj=i ^ji^Y — 
1 and C'{t) = Yl%i '^ji't)^jiCi't)) for almost every t E [a, b]. Given x, y E M", define 

y) = inf{r > : 3C e Cx s.t. C(0) = x, ((T) = y}. 

The function p is a metric on R" called the Camot-Caratheodory metric associated to X, 
and the pair (M", p) is said to be a Camot-Caratheodory space. We note that all of the 
above definitions can be made when is replaced by an open connected subset of M"; we 
refer the reader to [31] for more details on Camot-Caratheodory spaces. 

Hereafter, X = {Xi, ■ ■ ■ , Xm) will be a family of C°° vector fields defined in M" that 
satisfies Homander's condition in M", p will denote the corresponding Carnot-Caratheodory 
metric in M" and Q > n will indicate the homogeneous dimension of M" with respect to 
X. Also, by a ball B of radius r and center x we mean the metric ball B = B{x, r) = {y E 
M" : p{x,y) < r}. Given a ball B we will let r{B) denote its radius. Nagel, Stein and 
Wainger proved in [31] that for every compact set K C there exist positive constants 
-Ro, c, ci and C2 depending on K such that 

(2.1) \B{x,2r)\ <c\B{x,r)\, xEK,0<r<Ro 
and 

(2.2) ci\x -y\ < p{x,y) < C2\x - y\T , x,yEK. 

Note that inequality (2.2) implies that the topology induced by p on M"^ is the same as the 
Euclidean topology. Using (2.1), Bramanti and Brandolini proved in [3, p. 533] that the 
triple {B, p, dx) is a space of homogeneous type for all metric balls B C M"; moreover, 
structural constants are uniform for all metric balls with radius bounded by a fixed constant 
and with center in a fixed compact subset of W. In addition, they gave regularity properties 
for dU, U C W\ that imply that (f/, p, dx) is a space of homogeneous type. One such 
condition, possessed by every metric ball [3, p. 533], is 

(2.3) \B{x,r)nU\>C\B{x,r)l x G t/, < r < diamp(f/). 
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In the particular case when X is the generator of a homogeneous Camot group, \B(x,r) \ - 
\B(0, 1)1 and therefore (M", p, dx) is a space of homogeneous type. For a detailed de- 
scription of the theory of Carnot groups see, for instance, the book by Bonfiglioli, Lan- 
conelli and Uguzzoni [2] . 

The following upper and lower estimates play a significant role in our proofs of Theo- 
rems 4.4 and 4.5. 

Lemma 2.1. Given any compact set K C M", there exist positive constants d^, D^, Rr 
such that given xi, X2 E K and < ri < r2 < Rk, if B{xi,ri) C B{x2, r2), then 

(2.4) rf,('M%l£i^llIlll<l,,/n^" 



r2j \B[x2,r2)\ \r2, 
Proof. Fix K\ when the balls are concentric, there exist constants ck, Ck and tk such that 

(2.5) <M<c,(£ 

Vr/ \B[x,r)\ \r 

whenever x E K and < s < r < r^- The proof of (2.5) can be found in [12, p. 
584]. Let Rk = tk/^- Fix balls B{xi,ri) and B{x2,r2) as in the hypotheses. Then 
B(x2, r2) C B{xi, 2r2), and so by the first inequality in (2.5), 

\B{xi,ri)\ \B{xi,ri)\ f n ^ 



\B{x2,r2)\ - |5(xi,2r2)| " \2r2, 

so we get the first inequality in (2.4) with dk = 2~^Ck. 

Similarly, we have that B{x2,r2) C B{xi, 2r2) C B{x2, 4r2), and so again by the first 
inequality in (2.5), 

4«c^i|S(x2,r2)| > |5(x2,4r2)| > |5(xi,2r2)|. 
Hence by the second inequality in (2.5), 

\B{x2,r2)\-^ '^\B{x,,2r2)\-^ '^'^''W) ' 
Therefore, we get the second inequality in (2.4) with Dk = 2'^^~'^c]^^Ck- □ 

2.2. Muckenhoupt weights in spaces of homogenous type. The theory of Muckenhoupt 
weights in spaces of homogenous type is well-developed and parallels the standard theory. 

By a weight we will mean a positive function in L}^^(R"-). We will say that a weight w 
is doubling in f/ C M" if there exists a constant Cu such that 

w{B{x,2r) nU) < Cuw{B{x,r) nU), x e U, r > 0. 

We will say that w is locally doubling in U if for each compact set K C U and R > 
there exists Ck,r such that 

w{B{x,2r) nU) < CK,Rw{B{x,r) nU), x e K, < r < R. 
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< OO. 



When p = 1, we say w G Ai{U, p, dx) if 

r , Mw(x) 
[w\ai = ess sup -—— < oo, 

a;6(7 W[X) 

where M is the maximal operator defined using metric balls: given a measurable function 
/, for all X eU, 



Finally, we set A^dU, p, dx) := U'^^^Ap{U, p, dx). 

We say that a weight w satisfies a reverse Holder inequality in U with exponent t > 1, 
denoted by w E RHt{U, p, dx), if 



Remark 2.2. If [/ is a bounded set that satisfies (2.3) then \B\ ~ \B n U\ for any metric 
ball with center in U and r(B) < diamp([/). Therefore, if w G Ap{W^, p, dx), then the 
restriction ofwtoU belongs to Ap{U, p, dx). In particular, this is true when [/ is a metric 



Muckenhoupt weights have the following properties. 

Lemma 2.3. Let t/ C M" and suppose that (f/, p, dx) is a space of homogeneous type. If 

w G Ap{U, p, dx) for some p > 1, then the following are true: 

(a) w^~P' G Ap>{U,p,dx); 

(b) there exists t > 1 such that w G RHt{U, p, dx); 

(c) there exists e > such that w G Ap_^{U, p, dx). 

As in the Euclidean case, part (a) is a direct consequence of the definition of Ap weight 
and part (c) easily follows from (a) and (b). 

Lemma 2.4. Let U cW. 

(a) Ifw G RHt{U, p, dx)for some t > 1, then for any x E U, r > 0, and any measurable 
set E C B{x,r) fl U, 





ball. 
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(b)IfwE Ap{U, p, dx) for some p > 1, then for any x E U, r > 0, and any measurable 

set E C 5(x,r) fl U, 



In particular, if {U, p, dx) is a space of homogeneous type, then w is doubling: for all 
X eU and r > 0, 



where D is a doubling constant for {U, p, dx). 

In the classical case these estimates can be found in [14]. The proofs in the setting of 
spaces of homogeneous type are essentially the same, replacing Euclidean balls/cubes with 
metric balls. The doubling property is a consequence of the first inequality in part (b) and 
the fact that (f/, p, dx) is a space of homogenous type. 

Remark 2.5. In Lemma 2.3, we note that [w'^^P']A^,{u,p,dx) = [^lYpfc/p dx) ^^'^ '•^^ constants 
t, [w]RHt{u,p,dx), e, and [w]Ap_,(u,p,dx) depend only onp, bounds for [w]Ap{u,p,dx) and struc- 
tural constants of {U,p,dx). In particular, if w G Ap(W^, p,dx), all these constants are 
uniformly bounded on U when U is a metric ball with radius bounded by a fixed constant 
and center in a fixed compact subset K C M": in this case the constant C in (2.3) can be 
taken independent of U. Similarly, all constants appearing in the inequalities in Lemma 2.4 
are uniformly bounded on U, when w G y4p(]R", p, dx) and U is a metric ball with radius 
bounded by a fixed constant and center in a fixed compact subset K C W\ 

Remark 2.6. Note that if w G Ap(n, p, dx) then w is locally doubling. This follows from 
the last inequality in Lemma 2.4 and Remark 2.5. 

Lemma 2.7. Let U C M" and suppose that {U, p, dx) is a space of homogeneous type. If 
w G Ap{U, p, dx) n RHt{U, p, dx), then G Ag{U, p, dx), where q = t{p — 1) + L 

This result is proved in the classical setting in [21]. The proof is the same in the setting 
of spaces of homogeneous type. 



Though we are ultimately interested in degenerate equations where the degeneracy has 
the particular form of (1 .4) and (1 .6), we need to work in a more general setting. Through- 
out this section, Q C M" is open and connected, X = {Xi, . . . , X„i) is a family of 
vector fields defined in R" and satisfying Hormander's condition in M", p is the corre- 
sponding Carnot-Caratheodory metric in M" and Q is the homogeneous dimension of M" 
with respect to X. By Lip(f2) we mean the collection of Lipschitz functions on and by 
Lipo(f2) the collection of Lipschitz functions whose support is compactly contained in Q. 




w{B{x, 2r) nU)<DP [w]A,iu,p,dx)w{B{x, r)nU), 



3. The machinery of PDEs 
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3.1. Admissible weights. We begin with a definition of the general class of weights we 
will be considering. 

Definition 3.1. Given a pair of weights {w,v),w < v,v,w E Ll^^{W^), andp, 1 < p < oo, 
we say that the pair is p-admissible in f2 if: 

(1) V is locally doubling in p, dx) and w E Ap{^l, p, dx). 

(2) Given a compact set K C fi, there exists q > p and ro > such that if S is a ball 
with center in K and r{B) < ro, then B E Vt and 



r{B2) \v{B2)J - \w{B, 
for all balls B1EB2CB. 

Remark 3.2. Our definition generalizes to the two-weight case the definition of p-admissible 
weight given in [17]. 

The importance of this class is that these conditions imply a two-weight Poincare in- 
equality. When X = V, the following result is due to Chanillo and Wheeden [5]; in the 
general case it is due to Franchi, Lu and Wheeden [12]. 

Theorem 3.3. Given p, 1 < p < 00, a pair of p-admissible weights {w,v) in Q, and a 
compact set K C VL, there exists ro > (depending on K and X) such that if B is a ball 
with center in K andr{B) < tq, then for all f E Lip (5), 

where fs^v = ^ Jb f{y)v{y) dy. 

We will need two corollaries of Theorem 3.3. The first, Corollary 3.4, is a local Sobolev 
inequality. The proof follows from a similar line of reasoning to that in [16, p. 80, Theo- 
rem 13.1]. 

Corollary 3.4. With the same hypotheses as Theorem 3.3, there exists Rq > such that if 
B is a ball with center in K and r{B) < Rq, then for all f E Lip^i^B), 

1/9 /TP \ Vp 



B 



Below, we will need to assume a Sobolev inequality on fi: for all / E LipQ(r2), 

/ r \^^^ / r ^^^^ 

(3.3) / \fix)\Pv{x)dx) <Ci \Xf{x)\Pwix)dx 



In the particular case when X = V, there are no restrictions on the size of the balls 
for which the Poincare inequality holds, and so (3.3) holds for any bounded Q. In the 
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general case, the "global" Sobolev inequality (3.3) can be proved to be a consequence of 
Corollary 3.4 when is such that a Hardy-type inequality is satisfied. 

Corollary 3.5. Let 1 < p < oo and consider a pair of p-admissible weights {w,v) in a 
neighborhood of Q. If Q is a bounded domain such that 

in aistp(x, dll)P 
then (3.3) holds for f G LipQ^Q). 

We omit the proof of Corollary 3.5 because it is in the spirit of the proof of [8, Theorem 
4.3]. It requires a Whitney decomposition for f2 in terms of metric balls, and a correspond- 
ing partition of unity. 

3.2. The spaces 5**^(^2) and Sq{Q). We now define the spaces in which weak solutions 
to our equations live. For simplicity, we state our definition assuming that Q is bounded. 
If Q = M", then we have to modify our definition by everywhere replacing Lip(n) with 
Lipo(M"). 

In this section we assume that (w, v) is a pair of p-admissible weights and A = A{x) is a 
real, locally integrable, m x symmetric matrix defined in f2 that satisfies the degenerate 
ellipticity condition 

(3.5) w{xf/^\e < (A(x)e, < v{x)'/^\e e e M'", X G fi. 

We define the space L^{i^) to consist of all measurable vector valued functions f such that 

||f||^ = (^J {Af.fy^'^dx^ < oo. 

Since A is symmetric and positive semi-definite, A^^"^ exists; hence, 

{Ai,iy/^ = \A'/% 

It follows immediately from this identity that || ■ || ^ is a norm. In [32] (see also [30]) it was 
shown that with this norm is a Banach space of equivalence classes of functions 

such that ||f — g||^ = 0. However, by the ellipticity condition, we have that 

||f|U > \ifwdx 

since w E Ap it is non-zero almost everywhere, so ||f ||a = if and only if f = almost 
everywhere. Hence, we can identify the elements of L^{i^) as functions defined up to a set 
of measure 0. 
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If f2 is bounded and u E Lip(f2), then Xu G L^(r2): by the ellipticity condition and 
since ^; G Ll^iW"), 

\\Xu\\a < {^j \Xu\''vdo^ < \\Xu\\ooviny^P < oo. 

Therefore, we can define the space S^{^1) to be the closure of Lip(r2) with respect to the 
norm 



\u\ 



Properly, 5*^(^2) is a Banach space that consists of equivalence classes of Cauchy sequences 
{uj} of Lipschitz functions. However, this sequence converges to a function u G L^{v, fi), 
and the sequence {Xuj} converges to a function U G L^{^) and the map {uj} t-^ (n, U) 
is an isomorphism between S'^{^1) and a closed subset of L^{v, f2) x L^(f2). 

Furthermore, if u is the first element of such a pair, then U is uniquely determined. 
Suppose to the contrary that (n, U) and (n, V) are in the image. This is equivalent to 
saying that there exists a Cauchy sequence {uj} in S'^{^1) such that uj — in Lp{v, f2) 
and Xuj — )■ U 7^ in L^(f2). By the ellipticity conditions and since w < v, the same 
limits hold in U'iw, Vt). However, since w G ApiVt, p, dx), this is impossible. Let B C Vt 
be any ball and let g G C^{B). Then 



g\] dx 



B 



< 



< 



gXuj dx 



/ g{\J — Xuj)dx 
Jb 

J \V-Xuj\Pwdx^ (^j \g 



P'w^-P' dx 



\uj\^w dx 



B 



1/p 



\Xgfw'-P' dx 



B 



1/p' 



1/p 



By assumption, the first integral in each term goes to 0; since w^~^' G Ap'{Q,, p, dx), and 
g, Xg G the second integral in each term is finite. Therefore, taking the limit, we get 
that the initial integral is 0; since this holds for all such B and g,\J = 0. 

Remark 3.6. The uniqueness of this representation of a Cauchy sequence {uj} by the pair 
(u, U) depends strongly on the fact that w G Ap{^l, p, dx). In general, this need not be the 
case, as is shown by the example in [10, p. 91].) 

Given (n, U) as above with U = {Ui, . . . , Um), then n is a distribution and U corre- 
sponds to the distributional derivative of u: that is. 



(3.6) 



[ Ui^dx= I uX*^dx ^ec^{n). 
Jn Jn 
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This follows from a calculation similar to that used to prove the uniqueness of U. Indeed, 
we first note that both of the integrals appearing in (3.6) exist: after multiplying and di- 
viding by w, use Holder's inequality, and that u, \J E L'^{w, ip and X*ip are bounded, 
and w^~P' e Ll^^{il). To prove the equality, let {uj} be a Cauchy sequence of Lipschitz 
functions in S'^(r2) associated to (m, U). Then 

/ \uj — u\^w dx ^ and / |U — Xujl'^w dx 0, 
Jn Jn 

and if V? e C^i^) with supp((/)) = D, 
uX*(p — Ui(p dx = 

Jd Jd 

i/p 



= / {u - Uj)X*(p + I {Ui - XiUj)ip dx 
Jd Jd 

< \\x:^\uw'-^'{D) (^j^ 



\u — Uj^w dx 



Ui — XiUj\^w dx 



D 



l/p 



and the last terms go to zero as j — t- oo. 

Hereafter, given a pair (m, U) representing a Cauchy sequence of Lipschitz functions in 
S^{Vl), we use Xu instead of U and, by a small abuse of notation, we write u E 5*^(^2). 

We can also see that 5*^(^2) is a reflexive Banach space, a fact we will need below. 
Given (m, U) G Lp{v,Q) x L^(f2), the map T(m,U) = (m, A^/^U) is an isometry into 
LP{v, fi) X LP(Q) which is a reflexive space since 1 < p < oo. Identifying S'^(f2) with its 
image, we have that T{S^{il)) is a closed subspace of a reflexive Banach space; it follows 
that 5*^(^2) is also reflexive. 

We now define the space (fi) to be the closure of LipQ(r2) in i^^(f2): more precisely, 
50(^2) consists of the equivalence classes of sequences {uj} such that {Xuj} converges in 
L^(f2). By an abuse of notation, we will denote the Cauchy sequences with a function u. If 
the "global" Sobolev inequality (3.3) holds, then Sq{^) C 5*^(^2) and so this identification 
can be made precise. To see this inclusion, fix a Cauchy sequence {uj} in Sq{^1). Then 
this sequence is Cauchy in L^{v, f2): by (3.3) and the ellipticity condition. 



luj — Ukl^v dx 



l/p 



< C 



(^j \X{uj-Uk)\^wdx^ < C\\X{uj 



Uk)\\A- 



The limit gives us the desired function u. 



Remark 3.7. We note that condition (2) of Definition 3.1 is not used in this section except 
to obtain the embedding 5*^(^2) C Sp{Vl) via CoroUary 3.5. 
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3.3. Weak solutions. In this section we again assume that {w, v) is a pair of p-admissible 
weights in and let A = A(x) he an m x m real symmetric matrix defined in that 
satisfies the degenerate ellipticity condition (3.5). Remark 3.7 also applies to this section. 

To define weak solutions, we first need to define a functional that acts in some ways like 
an inner product on S^{^1). Given u,(f E Lip(r2), define the functional 



p-2 



al{u,(p)= / {AXu,Xu)~ {AXu,Xip) dx. 
Jn 

This quantity is finite for all such u and Since A is symmetric we have the inequality 

Hence, by Holder's inequality, 

\al{u,<^)\< [ {AXu,Xu)'^{AX<^,X^y^^dx 



<(^j {AXif,Xip)P/^dx 
= \\X^\\A\\Xur-' 



i/p 



{AXu, Xuy/^ dx 



1/p' 



(3.7) — ||VVy||yl|KV 

We can extend to functions u, 5*^(^7) or even in SQ{il). 

Lemma 3.8. Ifu, (f G 5*^(^2) are the limits of the Cauchy sequences {uk}k£N C LipiVt) 
and {ipk}km C Lip{Vl), then 



al{u,ip) := lim al{uk,^k) 

k—^oo 



p-2 



lim / {AXuk,Xuk) 2 {AXuk,Xipk)dx 



is well defined: the limit exists and does not depend on the choice of Cauchy sequences. 
The same conclusion holds ifu or ip are in Sq{VL). 

Proof. We prove this for u, Lf E 5*^(^2); the proof for Sq{Q) is identical. Fix Cauchy 
sequences {uk} and {cpk} inLip(fi); we will prove that {al{uk, (pk)} is a Cauchy sequence 
in M. By the definition, 

\aliuk,(fk) - ao(Mm,V5m)| 

{AXuk, Xuk) ^ {AXuk, X(fk) 



p-2 



{AXUm.,XUm) 2 {AXu^,Xipm)dx 



< 



p-2 



{AXuk,Xuk) 2 \{AXuk,X{(pk- (pm))\ dx 



+ 



p-2 



{{AXUk,XUk)'^AXUk - {AXum,Xu^)~ AXUm^Xipm) 



dx 
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= h+l2. 

The first term is easy to estimate: the same computation as in (3.7) shows that 

h < \\XUk\\A'^\\Xipk - XifirnWA, 

and so / — as A;, m — )■ oo. 

The estimate for I2 depends on the size of p. If p > 2, we have the vector inequality 

I ler'e - \vr'v\ <{p-i) ii^r' + \vr') 

where ^, r] E M."^. (This is implicit in [26, Chapter 10, p. 73].) Then, since 
{AXu, Xu)2, we have that for any u E Lip(f2), 



/ p— 2 p— 2 

l2= {{AXUk,XUk)~AXUk - {AXUm,XUm)~AXUm,Xiprn) 

Jn 

= [ {\A^Xuk\^-^AiXuk-\AiXum\''-^A^Xum,A^X^^) 
Jn 



dx 



< 



A^XukV'-'^A^Xuk - \A^XuJ\^-'^A^X 



Ur. 



A-^X^r. 



m-2 



<C ^ (^A^Xuk\^-'^ ^\A^Xu 
Thus, by Holder's inequality, 

l2<c( [ ilA'^Xukr' + |A5Xn„r-2)^ ) ' 



A^XUk - A^XUr^ 



dx 
dx 

A^Xifr, 



dx. 



lA'^XiUk — Ur 



' dx 



X 



\A^X(pm\^dx 



< C{\\XUk\\^^ ^ + ll-'^^^mllA ^) \\XUk - XUm\\A\\X(prn\\A, 

from which it follows that /2 — )■ as A;, m — 00. 

In order to estimate I2 when 1 < p < 2, we have a similar vector inequality, 

\\ir'i-\ri?-M<c,\i-vr\ 

where ^, rj E M™. (See [26, p. 43].) We can now proceed as in the case p > 2 to get 

p-i 



A^Xuk - A^Xur 



dx 



< \\XUk - XUm\\A ^\\Xipm\\A- 



Finally, essentially the same argument shows that if {uk} and {(^k} are also sequences 
converging to u and (f, then 

lim al{uk,ipk) = lim al{uk,<f>k)- 
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This completes the proof. □ 

We can now define a weak solution to the equation L^u = 0. 

Definition 3.9. We say u G S'^{^) is a weak solution of LpU = if for all (p G Sq{^1), 
0'liu,(p) = 0. 

To state the Harnack inequality below we need a notion of a non-negative solution. We 
will say that u G S^{^1) (or Sq{^1)) is non-negative, and write n > 0, if there exists a 
Cauchy sequence {uj} in Lip(f2) converging to u such that Uj{x) > for all x and j. 
Given this, we say that u G Sp{Q) is a weak subsolution of CpU < if a^u, v?) < for 

^ G s^{n), > 0. 

Clearly, our definition of non-negative implies that u{x) > almost everywhere. Given 
u G S^{^1) such that u{x) > a.e., we do not know a priori that n > in the sense we 
have just defined, and in [6, 11] this was taken as a hypothesis in order to prove regularity 
results. However, if we impose a stronger condition on the weight v, then we do get that 
our definition coincides with the usual definition of non-negative. 

Proposition 3.10. Given a ball B and v G Aao{B, p, dx) suppose that G S'^i^B) is such 
that (p > a.e. in B. Then (p > 0: that is, there exists a representative Cauchy sequence 
{ipk} of(j) such that ipk ^ ^ ci-^- for all k. 

Proof. Let {(pk} C Lip(r2) be a representative Cauchy sequence of 0. Define the sequence 
{^fc} by 

iJk{x) = max {4>k{x), -1/k) + 1/k. 

Then for all k, ipk > and ipk ^ Lip(f2). It will suffice to prove that there exists a 
subsequence {'tpk } such that 

lim ||0fc, - tpkA\ = 0; 

it follows from this that {^kj} is a representative Cauchy sequence for (p. Since we will 
have to pass to a subsequence several times, we will abuse notation and denote each suc- 
cessive subsequence by {'ipk}- 

We first construct a subsequence such that \\^k — <Pk\\Lp{v,B) 0. Let = {x E B : 
(pk{x) < —1/k}. Then 

/ \Mx) - Mx)\''vix) dx = k-Pv{B \ Ek) + [ \Mx)\'vix)dx. 
Jb JEk 

The first term clearly tends to zero as A; oo. Since (pk cpin Wiv.B) norm, by the 
converse of the dominated convergence theorem (see [25]), there exists $ G L^iy, B) such 
that, after we pass to a subsequence, (pk (p pointwise a.e. and 10^1^ < ^- Therefore, by 
the dominated convergence theorem, to show that the second term above tends to 0, it will 
suffice to show that \Ek\ ^ as k ^ 0. 
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Since </> > 0, we have that 

Ek = {xeB: < -1/k} c{xeB: |0fc(a:) - </)(x)| > 1/k} = Fk. 

Since 0^ — ^ in L'^iy, B), it converges in measure with respect to the measure v dx, so by 
again passing to a subsequence we may assume that v{Fk) < 1/k. 
By assumption v E Aoo{B, p, dx), and so by Lemma 2.4, 

i/p 



< C 



\B\ - \v{B) J ■ 

Hence, \Fk\ — ?■ as — )■ oo, and so I^Efel — )■ as well. 

We will now show that there exists a subsequence such that 

lim \\X4jk-X<f)4A= / {AX{tlJk - <Pk), X{4Jk - (Pk))"^' dx = 0. 

fc— >oo k—>oo J 

If f = CIS constant, then Xf = a.e. Hence, on i? \ Ek, Xcpk = Xipk, and so by dividing 
the domain as we did above, we have to show that 

(3.8) lim / {AX^k,X(f)ky/^dx = 0. 

We will actually construct a sequence of nested sets Gk such that Ek C Gk and show that 

(3.9) lim I {AX(t)k,X(t)kY''^dx = Q. 

JGk 

Since (AX0fc,X0fc) = |y4^/^X0fcp, the integrand is positive and so (3.8) follows from (3.9). 

Since \Ek\ — )■ 0, by passing to a subsequence, we may assume that l-Efc+il < ll-Efc]. 
Define 

= y Ej. 

Then IG^I < 2|_E'fe|, and so \Gk\ — as — )■ oo. 

Since (pk is Cauchy with respect to the S^{B) norm, we know that the sequence of 
functions fk = {AXcpk, Xcpk)^^'^ is Cauchy in L^{B) and therefore converges to some 
function / G L^{B). Fix e > 0. Then there exists k^ such that 

\\fXGu,\\L\B) < e/2. 

But for fixed ko, we have that fkXCk^ — ^ fXCk^ in L^{B). Hence, for all k > k^ sufficiently 
large, we have that 

WfkXGkWL^B) < WfkXGkjL^B) < e- 

Since e is arbitrary, we get (3.9) and our proof is complete. □ 

Finally, we show that weak solutions to CpU = exist. When p = 2 this is a straight- 
forward application of the Lax-Milgram theorem. For all p > 1 we need a more delicate 
argument. 
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Theorem 3.11. Suppose {w, v) is a pair of weights satisfying condition (1) of Definition 3.1 
such that the global Sobolev inequality (3.3) holds. Let A = A{x) be an m x m real 
symmetric matrix defined in VL that satisfies the degenerate ellipticity condition (3.5). Then 
for all ip G S^iVL), there exists u e Sp{Q) such that u is a weak solution ofCpU = inQ 
and u — ip E Sq{Q). 

For the proof of Theorem 3.11 we will use an abstract result taken from Kinderlehrer 
and Stampacchia [23]. Let V be a reflexive Banach space with norm || ■ || and dual V, 
and denote by (•, ■) a pairing between V and V. Given a nonempty closed convex subset 
U C V and a mapping A : U V, Ais monotone if 

(Atii — Au2, ui — U2) > 0, ui, U2 E U, 

and A is coercive if there exists g E U such that 

{Auj - Ag,Uj - g) _^ ^ 

hj - g\\ 

for all sequences {uj} C U such that \\uj\\ — )• 00. 

Proposition 3.12. Let U be a nonempty closed convex subset of a reflexive Banach space 
V and let A : U V be monotone, coercive, and weakly continuous on U. Then there 
exists u eU such that 

{Au,g -u) >0, g E U. 

Proof of Theorem 3.11. With the notation of Proposition 3.12 we set V = S'^(fi), U = 
{u E SP{Q) -.u-^E SliSl)}, and define Au{-) = ag(M, ■) for ueU. Recall that Sp{Q) 
is a reflexive Banach space. Furthermore, it is clear that f/ is a nonempty (since tp E U), 
convex closed subset of S^^Cl). We claim that Au E S^^^l)' for all u E U (in fact for all 
u E Sp{Vl)). First, aQ(n, ■) is clearly linear. Further, by using (3.7) for functions in Lip(r2) 
and then passing to the limit using Lemma 3.8, we have that for all u, g E S^ip), 

\al{u,g)\<\\u\r^\\g\\. 

To prove that A is monotone, let mi, U2 E Lip(f2); then a straightforward computations 
gives 

{Aui - Au2, ui - U2) = al{ui,ui - U2) - ao(M2, Mi - M2) 

= [ {\A^Xui\P~^A^Xui - \A^Xu2\P~^A^Xu2, A^Xui - A^Xu2) dx. 
Jn 

Since 

(ier'e-i^rVe-^)>o, e,^eM^ 

it follows that 

(3.10) {Aui-Au2,ui-U2)>0. 

By Lemma 3.8 we conclude that (3.10) holds for all ui, U2 E S^^^l). 
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To show that A is weakly continuous again fix ui, U2, g G Lip(fi). Then 

\{Aui,g) - {Au2,g) \ = al{ui,g) - al{u2, g) 

= I {\A^Xui\P~'^A^Xui-\A^Xu2\^-^AiXu2,A^Xg)dx. 
Jn 

If we repeat the argument used to estimate the term I2 in Lemma 3.8, we get 

liAuug) - {Au2,g)\ < C{\\m\\P~^ + Unaf"') - U2\\\\gl p>2, 

and 

\{Auug)-{Au2,g)\<C\\u,-U2\r'\\gl l<p<2. 
Therefore, passing to the limit we have that these inequalities hold for any ui, U2, g E 
S'^{Q). Hence, A is weakly continuous on S^{Q): if {uj} C 5*^(^2) is such that Uj u 
then {Auj, g) {Au, g) for all g e Sp{^1). 

Finally, we show that A is coercive. We will prove that 



(3.11) 



(Auj — Aip^ Uj 



1% 



— 00 



for all sequences {uj} C U such that \\uj\\ — )■ 00, where i}) is as in the statement of the 



dx. 



theorem. Since the global Sobolev inequality holds we have that \\uj 
so we can use the SI{Vl) norm in the denominator. Further, by a limiting argument using 
Lemma 3.8 it suffice to prove this for u, E Lip(f2). 

We first consider the case p > 2. Arguing as we did before, we have that 

{Au — Alp, u — ip) = a^{u, u — ip) — a^{ip, u — ip) 

= I {\A^Xu\P-^A^Xu-\A^Xi)\P-'^A^Xi),A^Xu- A^Xi)) 
Jn 

Since p > 2, we have that 

(3.12) (ler'e - \rir\ i-r,)> 2^"^^ - r,\^. 

(See [26, Chapter 10] for a proof of (3. 12)). Hence, 

{Au -A^,u-i))> 2^"^ f ' 

Jn 



A^Xu-A^Xtp 



dx 



2'^~P\\u-tp\ 



A' 



and (3.11) follows immediately. 

When 1 < p < 2 we argue as before, except that we use the inequality 



(3.13) 



p~2 



^ - \v\ 



v\ 



r\^-v)>\^-v\'-\vr'\^ 

(Inequality (3.13) follows in a similar manner to (3.12).) Combining this with Holder's 
inequality, we have that 

{Au — Alp, u — ip) 
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> 



> 



A^Xu-A^Xij 



dx 



p-i 



A^Xu-A^Xi: 



dx 



IP 
\a 



u — 



\A- 



Again, (3.11) follows immediately. 

Therefore, by Proposition 3.12 there exists u e U such that 

al{u,g- u)>0 

for all (yf G U.lf if G Sq{^1), then u + Lp and u — ip belong to U and therefore 

ao(M, V^) > and — ao(M, (p) > 0, 

from which it follows that aQ{u, ip) = 0. Therefore, we have shown that m is a weak solution 
of CpU = such that u - ip e S^{^1). 

□ 

3.4. Harnack inequality. Central to the proofs of our main results are a mean value in- 
equality and a Harnack inequality for weak solutions of the equation CpU = 0. As always, 
A = A(x) is a real, m x m symmetric matrix defined in that satisfies the degenerate 
ellipticity condition (3.5). 

Lemma 3.13. Given p, 1 < p < oo, a pair of p-admissible weights {w,v) in Q, and a 
compact set K dVt, let vq > be as in Theorem 3.3. Then given any ball B with center in 
K and r{B) < r^, suppose u G S^i^B) is a weak subsolution ofCpU < 0. Then there exist 
constants c and d, depending only on the weights, such that, for any a, 1/2 < a < 1, 



( ess sup 

xdaB 



[X 



))' 



< 



where o 



q/p > 1 with q as in condition (2) of Definition 3.1, u 

v{B) 



u~^{xYv{x) dx, 

max(u, 0), and 



fip = iip{B) 



w{B) 



i/p 



Remark 3.14. We may restate Lemma 3.13 as follows: given any x E ^l, then for all balls 
centered at x whose radius is sufficiently small, the mean value inequality holds. 

Lemma 3.13 was proved in [11] for non-negative weak sub-solutions, with m+ replaced 
by u. However, the proof can be readily adapted: for details on the minor changes required, 
see [6] where the argument is done for the case p = 2; the same changes apply for arbitrary 
p > 1. As a consequence, we get the following result. 

Theorem 3.15. With the same hypotheses as Lemma 3.13, suppose that u G S^{B) is a 
weak solution ofCpU = 0. Then 

c p°' 1 f 
esssup |m(x)|^ < y:; —,l^p'^ , „^ / \u{x)\^ v{x) dx . 



xGaB 



I -a) 



v{B) 



B 
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Proof. Since n is a weak solution, then u and —u are both weak subsolutions, so the con- 
clusion of Lemma 3.13 holds for both of these functions. Since 

|m| = max(M''', (— m)'*'), 

the desired inequality follows at once. □ 

Our final result is a Harnack inequality, which is also proved in [1 1]. 

Theorem 3.16. Given p, 1 < p < oo, a pair of p-admissible weights {w, v) in Vt, and a 
compact set K C fl, let > be as in Theorem 3.3. Given any ball B with center in K 
andr{B) < ro/2, suppose u is a non-negative weak solution ofCpU = in S^(2B). Then 

ess sup u < e^'^''"^^^ ess inf u 
B B 

with fip{B) = {v{B) /w{B)y/P andCx independent of u and B. 

Remark 3.17. As with the previous two results, we may rephrase Theorem 3.16 as saying 
that given x E B, the Harnack inequality holds for all balls B centered at x with radius 
sufficiently small. This is precisely what we need to perform Moser iteration below. 

Remark 3.18. In [11], Theorem 3.16 is proved for solutions u that are non-negative in the 
sense that there exists a sequence {uj} of non-negative Lipschitz functions converging to 
u. By Proposition 3.10, when we apply this result below it will suffice to assume that u is 
a non-negative in the sense that u{x) > a.e. 

4. Proof of main results 

In this section we state and prove our main results. Throughout, let be an open, 
bounded and connected subset of M" or let = M". Let X = (Xi, . . . , X^) be a C°° 
vector field that satisfies Hormander's ellipticity condition in M", p be the corresponding 
Carnot-Caratheodory metric in R", and Q be the homogeneous dimension of M" with 
respect to X. 

Our first result is a generalization of Theorem A in the Introduction. 

Theorem 4.1. Given Q, X, and p, 1 < p < oo, let A be an m x m matrix of measurable 
functions defined in Q that satisfies the ellipticity condition 

(4.1) \w{xf/P\^\^ < {A{x)^, < Aw{xf/P\^\^, ^eR"',xen, 

where w G Ap{Q, p, dx) and < A < A < oo. Then every weak solution u of the equation 

(4.2) CpU = divx {{AXu, Xu)"^ AXu) = 
is Holder continuous on compact subsets ofVl. 

Remark 4.2. Recall that by Remark 2.2 if Vt satisfies certain boundary conditions, then 
we can assume w E Ap{W", p, dx). Conversely, by Wolff's extension theorem, in certain 
cases, w E Ap{^l, p, dx) can be extended to an Ap weight on R". See [14] for more details. 
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Our next two results generalize Theorem B from the Introduction. We have two results 
depending on whether we are working in a general Camot-Caratheodory space or if we are 
in the special case of a Carnot group. To state both results, we need a definition. 

Definition 4.3. Given a function u E Lj^^, we say that u has an approximate limit at a 
point X if there exists 2 G M such that 

lim -f \u{y) — z\ dy = 0. 

Note that by the Lebesgue differentiation theorem, this limit exists almost everywhere and 
we have z = u{x). At each point x where u has an approximate limit, define the function 
u{x) = z. The function u is called the precise representative of u. 

Theorem 4.4. Given Q, X and p, 1 < p < 00, let A be an m x m matrix of measurable 
functions defined in Vt that satisfies the ellipticity condition 

(4.3) k{xr^'^'\i\^ < {A{x)i,i) < Hxy/P\^\', e e R'", X e f], 

where 

v(0 - 1) 

k e Ap>(n,p,dx) nRHJn,p,dx), r = 1 + ^. 

n + p - Q 

Then every weak solution of (4.2) is continuous almost everywhere. More precisely, u, the 
precise representative ofu, is continuous at every point of the set 

S{k) = {xeVl: Mk{x) < 00}. 

When X generates a homogeneous Carnot group, we have the following theorem. 

Theorem 4.5. Given Q = M", X and p, 1 < p < 00, suppose X generates a homogeneous 
Carnot group. Let A be an m x m matrix of measurable functions that satisfies the ellip- 
ticity condition (4.3), where k E Ap/{Q, p, dx) fl RHq{Q, p, dx). Then every weak solution 
of (4.2) is continuous almost everywhere: the precise representative u is continuous at 
every point of the set 

S{k) = {xeW : Mk{x) < 00]. 

Remark 4.6. Note that since Q > n, r > Q. Therefore, the hypotheses on the weight k in 
Theorem 4.5 is weaker than in Theorem 4.4. 

Remark 4.7. Also notice that since k G RHn, Mk is an Ai weight. This shows that the set 
S{k) has measure zero, and hence the weak solutions to CpU = are continuous almost 
everywhere. 

Proof of Theorem 4.1. We want to use the Hamack inequality. Theorem 3.16, with v = w 
and apply Moser iteration. To do so, we first have to prove that {XP/^w, hP/^w) is a pair of 
]?-admissible weights. Since w E Ap{^l, p, dx), so is X^^'^w, and by Remark 2.6, IsJ'/'^w is 
locally doubling. We also have that condition (2) holds. Indeed, let be a compact subset 



22 



DAVID CRUZ-URIBE, SFO, KABE MOEN, AND VIRGINIA NAIBO 



of Q , Rk as given by Lemma 2.1, B a metric ball with center in K and r{B) < Rk, and 
B(xi,ri) C B(x2,r2) C B. By Lemma 2.1 it is enough to show that there exists q > p 
such that 



B{x2,r2)\J \w{B{x2,r2)) 

By Lemma 2.3 and Remark 2.5 there exists e > 0, independent of B, such that w E 
Ap_^{B, p,dx) with uniform constants. Since Q > n > 2, we may assume that e is so 
small that Q > — e) • Therefore, we can define q > phy 

1 1 1 



p Q{p - e) q 

and by Lemma 2.4 (with p — e in place of p and E = B(xi,ri)) and Remark 2.5 we get 
(4.4) with uniform constants. Hence, (X^^'^w, IsJ'/'^w) is a pair of p-admissible weights. 

Any solution now satisfy the hypotheses of Theorems 3.15 and 3.16. In particular, so- 
lutions are locally bounded and non-negative solutions satisfy a locally uniform Hamack 
inequality. It is well known that Holder continuity easily follows from these assumptions, 
see [15, Chap. 8]. 

□ 

The proofs of Theorems 4.4 and 4.5 follow the same basic outline as the proof of The- 
orem 4.1. A key step in both, however, is proving that (A;"^/^', k) is a pair of p-admissible 
weights. By assumption, k E Api{Q, p,dx), so k~P^P = k^~P E Ap{fl, p,dx). That 
condition (2) holds is the substance of the next two results. 

Theorem 4.8. The pair {k~^^^' , k) satisfies condition (2) of Definition 3.1 provided that 

k-p/p' G As{il, p, dx), k E RHt{VL, p, dx), l<t<cx), ^<s<oo, and 

(4.5, ^: 

n \ P J 



In particular, this is the case if 

(4.6) k E Ap,{n, p, dx) n RH^{n, p, dx), 



PiQ 



n + p -Q 



If X generates a Carnot group on R", then we can repeat the proof of Theorem 4.8 with 
n replaced by Q to get the following result. 

Theorem 4.9. Suppose Vt = and X generates a homogeneous Carnot group. Then 
the pair {k~^^^' , k) satisfies condition (2) of Definition 3.1 with uniform constants for all 
compact sets, provided that k^^/^' E As{MP,p,dx), k E RHt{W, p,dx), 1 < t < oo, 
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^ < s < oo, and 

Q -\p ) 

In particular, this is the case if 

k e Ap,{W,p,dx)nRHQ{R'',p,dx), 
which in turn implies that k~^^^' G A^j^v^ (M", p, dx). 

Proof of Theorem 4.8. Let be a compact subset of VL\ Rk be given by Lemma 2.1; 5 be 
a metric ball with center in K and radius r{B) < R^; and Bi = B{xi,ri), B2 = B{x2, 
be such that Bi C B2 C B. Fix a pair {k'^^P' , k) as in the hypotheses. Then by (4.5), 

n sO 

(4.7) > _ 1. 

pv p 

By Lemma 2.3, since the restriction of k''^^^' to B belongs to As{B, p, dx), there exists e > 
such that the restriction of k'^^^ to B is in As-e{B, p, dx). Furthermore, by Remark 2.5, 
we may choose e independent of B and the constants are uniform. Combining this with 

(4.7) we get that 

p\t) p 

Rearranging terms we define 

n(t')-^ 

(4.8) q = \^ ^ > p. 

{s - e)Qp ^ - 1 

Therefore, since k G RHt{B, p, dx), by Lemmas 2.1 and 2.4 and inequality (4.8), 

n fk{B,)Y^' ^ ^ri nB^\ ^ ^^fn\^^' 



r2 \k{B2) J r2 \\B2\J \r2 



C\-\ <C( ^ 1 <c 



Bx\\~ r^fk-P^^'{B 



J2/ ~ V 1^217 ~ \k~P/P'{B2) 

again with uniform constants by Remark 2.5. Since this is true for every such ball B, 
{k-P/p\ k) satisfies (2) of Definition 3.1. 
We now prove that (4.6) implies (4.5). By Lemma 2.7, 

fc^ G Ar(pi-i)+i{B,p,dx). 

Let o = t(p' — 1) + 1. Then a straightforward calculation shows that 

/ ''"(p' — 1) + 1 p"^ + np — p 



a 



r(p'-l) n-Q + pQ'- 
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and by Lemma 2.3, 

On the other hand if we replace t by r in (4.5) and take equality, then solving for s we get 
(after another calculation) 

n f _^ l\ ^ p + np — p I 



Q \ T J Q n - Q + pQ 

Note that s > ^ since Q > n > 1. Therefore, k) satisfies condition (2) of Defini- 

tion 3.1 and our proof is complete. □ 

Proof of Theorems 4.4 and 4.5. Our proof is a generalization of the proof of the main theo- 
rem in [7]. By Theorems 4.8, 4.9, and part (a) of Lemma 2.3 the pair of weights {k~^/P , k) 
are p-admissible in Vt. Let B{x, tq) C be a ball with sufficiently small radius so that 
Theorems 3.15 and 3.16 hold. Let B = B{x, r) where r < tq and set 

M = esssupM, m = essinfM, M' = esssupM, m = essinfM. 

\B \B B B 



2 



Arguing as in the proof of Theorem 4.1 we obtain 

I ^ ^^V{.Cro{x)pp{\B)) -I 

osc„(x,r/2) < — -y— — — osc„(x,r), 

where the constant C,.o(x) depends on x and tq, but is finite for each x. For any ball B 
containing x. Holder's inequality yields 

hence, 

(4.9) osc„(x, r/2) < f , ^^ , . osc„(x, r) = 7(x) osc„(a;, r). 

We will now prove that the precise representative of u is continuous on the set S{k). Notice 
that 

S{k) = {xeVt: Mk{x) < cx)} = {x G : 7(x) < 1} 

and fix X G S{k). Therefore, since 7(x) < 1, we may apply Lemma 8.23 in [15] to 
inequality (4.9) to obtain 

/ r \ "(^) 

osCu(x, r) < cix) — I , < r < ro, 
Vro/ 

where c(x) and a{x) are both finite constants depending on x. Set 



UB{x,r) = i u{y) dy 

JB{x,r) 
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and notice that liuir^o UB(x,r) exists. Indeed if < s < t < tq, then 



\uB{x,t) - ub{x,s)\ < f i \u{z) - u{y)\dydz 

JB{x,t) J B(x,s) 

< osc„(x, t) 

t \ "(^) 

<c{x)[ — ] ^0 ast^O. 



If we set u{x) = \imr^QUB{x,r) then a similar argument shows that u is the precise repre- 
sentative of u. To see that u is continuous on S{k), let B he a ball in with sufficiently 
small radius. Then notice that for any y E S{k) n B we have 



ess inf u < u(y) = lim -/- u{z) dz < ess sup u, 

which implies that the pointwise oscillation of u on S{k) fl -B is dominated by the essential 
oscillation of u on B. The continuity of u on S{k) follows at once. □ 

5. Examples 

We now show that Theorem 4.4 is sharp in the sense that there exist f2, X, A, k and 
p satisfying its hypothesis and a solution u to the corresponding equation that fails to be 
continuous in a nonempty set of measure zero. We will work in the euclidean setting, that 
is, X = V and address the casep = 2. In this setting the ellipticity condition (4.3) is given 
by 

(5.1) k{xr'\i\'<{A{x)i,o<k{xm'. 

and (4.2) becomes 

(5.2) div (AVu) = 0. 

The examples presented below are based on those given in Zhong [35]. We give an example 
when n > 3. An example when n = 2 can also be constructed in a similar fashion using 
another example from [35]. 

Example 5.1. Let £ > and n = {x = (xi, ■ ■ ■ ,x„,) e M" : \x\ < ^} = 5(0, 1/e). 
Defined ili = {x E : 2 |x.„| > 1^2 = {a; G : 2 |x„| < and A{x) = t{x) Id, 
where Id is the n x n identity matrix and 

1 if X G fii, 

I log |a;||"(^+^) ifxe^l2- 



r(x) 



Zhong [35, Theorem 1.2] proved that the equation (5.2) has a weak solution u E S'^{^1) 
that is discontinuous at the origin. In order to prove the sharpness of Theorem 4.4 it is 
enough to check that there exists e > such that the corresponding matrix A satisfies the 
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degenerate ellipticity condition (5.1) and some k G A2{^1, p, dx) fl RHn{^, p, dx), where 
p denotes Euclidean distance. We have that 

[A[x)i;,t;) - <^ |log|x||-(i+^)|eP ifxen2, 

which implies 

min(l,|log|x|r^^+")) < {A{x)^,^) < max (l, | log |x| |"(^+"^) |^|^ 

for X G and ^ G M". Since min (l, | log |x| l"*^^"^^-*) = | log |x| 1"*^"'^'^^^ and 
(l, I log |x| l"*^"^"'"'^-') = 1 < I log |x| 1"^"^", X G fi, we obtain 



max 



\l+e 



We now show that, for any e > 0, k e A2{^, p, dx) fl RHn{^, p,dx). Consider the 
function h{x) = I log|x|| if |x| < 1/e and 1 otherwise. Then G Ai{W^, p, dx) for all 



with k{x) = I log \ x 

We now sh 
function h{x) 
s > 1: that is, 

(5.3) I hixY dx ^ mi hixY . 

\B\ Jb 

The proof of (5.3) is elementary by considering balls B{xq, r) with |xo| < cr and |xo| > 
cr. Note that this says that h G i?iJs(]R", p, dx) for all s > 1. Given (5.3), we use that 
|i? n f2| ~ \B\ for all Euclidean balls B with center in Q and radius r{B) < Cdiam(f2) 
to get that the restriction of to is in Ai(^l, p, dx) for all s > 1. In particular, taking 
s = 1+e, gives that G p, rfx) and taking s = (l+e)n yields that /c" G Ai{Q,, p,dx), 

from which we conclude that k G A2{^, p, dx) fl p, dx). 

6. Application to Mappings of finite distortion 

Recall that / : ^ with / G Wl^^{n, R" ) is a mapping of finite distortion if there 
is a function K > 1 finite a.e. such that 

\Df{x)r<K{x)Jf{x) 

where \Df(x)\ = sup^^^i \Df{x)h\ is the operator norm and Jf{x) = det Df{x) is lo- 
cally integrable. Throughout this section we will assume that n > 3, as much of the planar 
theory is known. 

The study of continuity of such functions is an active line of research initiated by 
Vodop'janov and Gol'dstein [34]. They showed that if / G Vr/;"(fi,M"), then / has 
a representative that is continuous on fi. More recent results include those of Manfredi 
[28], Heinonen and Koskela [18], Iwaniec, Koskela and Onninen [19] and Kauhanen, 
Koskela, Maly and Zhong [22]. Without assuming higher integrability on \Df\, many 
of the continuity results assume some sort of exponential integrability condition on K, 
namely exp^K) G Lf^^(f2) for some < p < oo. Broadly speaking, to obtain continuity 
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one should not stray too far from the assumptions / G Wl^^{Q, M") or K G Exp L, (see 
[22]). 

Our results confirm this perception. We are able to work below the natural thresholds of 
Wl^^{^l, M") and exponential integrability of the distortion function. But in doing so we 
do not obtain functions which are continuous everywhere, but rather continuous except on 
a set of measure zero. Our results are in the spirit of those in [28] where it was shown that 
given a mapping of finite distortion / G Wl^^{Q, M") for some p, n — 1 < p < n, then / is 
continuous except on a set of p-capacity zero. On the other hand, our natural assumption is 
that / G Wl^^~^{Q, W^) and the distortion function belongs to an appropriate weight class. 

To state our results we briefly sketch some basic facts about mappings of finite distortion. 
A more detailed exposition can be found in [20]. Given a mapping of finite distortion /, 
we will be concerned with two distortion functions: the inner, denoted Kj, and the outer, 
denoted Kq- They are defined as follows 

|adjD/(x)r , ^ , , \Dfix)r 
= , , . 1 and Ko{x) - 



J;(x)-i ^ Jj{x) 

Here adj A denotes the adjoint of the matrix A defined by the equation AadjA= (det A) Id. 
The distortion tensor 

_ Df{xYDf{x) 

^ ' ~ jf{xyi- 

satisfies the ellipticity condition 

(6.1) Ao(x)-^/"|eP < (^(x)-^^,^ < Ki{xfl-\^\\ 

Since in general /^/(x)^/^""^) < Ko{x) < Ki (x)" ^, we have the following ellipticity 
condition on the inner distortion function: 

(6.2) Iu{x)-'/^'\C\' < {G{x)-'^,0 < Krixf/'^ie. 

But this is precisely the ellipticity condition (4.3) when p = n and k = Kj. 

Theorem 6.1. Suppose f : Q ^ MJ^ is a mapping of finite distortion whose coordinate 
functions belong to S^{Vl) fl Wl^^^~^ [Vl) and whose inner distortion function satisfies Kj G 
An>{^l) n RHn{^)- (Equivalently, Kf G An'+i{^l).) Then f has a representative whose 
points of continuity are the set 

{x eVL: MKi{x) < oo}. 

Remark 6.2. The assumption / = (/\ . . . , /") G W{;l^~^{Vt,W) is the very minimal 
assumption to give meaning to the equation 



div((G'(x)^Vf , Vf'y-^G{x)-^Vf') = z = 1, 



n 



(see [20, p. 379]). Since we are also assuming that f G S'^{VL) the assumption / G 

Wl^^~^{VL, W) is superfluous if Jio G ^L^l^)- In this case S''{VL) embeds into WI;'^~^{VL). 
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Indeed, if g E 5'"(r2) and Kq ^ -^[oc^(^) ^^^^ '-^^ ellipticity condition (6.1) implies 

( / iVgr'dx) < ( / iVgrKo'dx) ( / K^-^x) < C\\Vg\\G~r 

J B J B J B 

(see [18] for similar embeddings). 

Proof. We will show that each of the coordinate functions / = (/\ . . . , /") are weak 
solutions to the equation £„u = div((y4Vu, Vn)"^ylVu) = 0, where A{x) = G{x)~^. 
Fix a coordinate function and let be a sequence of functions in Lip(r2) converging 
to /* in the norm of S'^{Vi), and for the moment let (f G C^. By Lemma 3.8 we have 

/ - n — 2 

a^(f = lim a^K,^) = / {AV f\V T) — {AV f\V^) dx. 

Since V/* is the distributional gradient, a calculation shows (see [20, p. 379]) that 

{A{x)Vf\x),Vf{x))'^A{x)Vf\x) = [adjD/(a;)], 
where [adjD/(x)]i denotes the i-th column of the adjoint matrix of Df(x). Since / G 



Wl^^~\n, W) it is well known that (see [18, p. 256] or [20, p. 66]) 

/ {[ad}Df{x)]i,Vip), dx = z = l,...,n, 
Jn 

for all if E C^{^1). Since A satisfies (6.2), by Theorem 4.5 we get the desired result. □ 

Finally we end with an example of a mapping of finite distortion that is discontinuous 
on a set of measure zero whose inner distortion function belongs to An' fl RHn- 

Example 6.3. Let B = B{0, 1) = {x E : |x| < 1} and consider 

X 

fix) = r7^^p(i^n 

\x\ 

where £ > is a small quantity to be chosen later. Notice that there is no way to define 
/ so that it is continuous at the origin. Calculations show (see [20, chapter 6] for more 
details) that 

\Df{x)\ = \x\~^exp{\x\'^) and Jf{x)=e\x\^~"'exp{n\x\^). 
We have that / E W^'P{B, R") for all 1 < p < n but / ^ W^'^'iB, M"). Moreover, 

Ko{x) = e^^\x\-' and Ki{x) = (e"Vr")"-\ 

If e > then neither Kj nor Kq belong to ExpL. However, if e < then Kj E 

An' n RHn and MKi{x) ~ Ixl"^*^""^^; thus / is discontinuous at x = 0, exactly where 
MKj = oo. 
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